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1. INTRODUCTION

The algebra (Q: %) is called idempotent, il each its operation is idempotent. If the groupoid Q(-) is
idempotent, then the operation - is also called idempotent. The semigroup Q(-) is called semilattice,
il it is idempotent and commutative. 1T Q(-) is a semilattice, then the operation - is called semilattice
operation {oo. An algebra with binary operations is called a binary algebra, [1].

A binary algebra (Q; X) is called:;

I') anticommutative if it satisfies the following condition: X (z, y) = X(y.a) = x =y, where X ¢
andz,y € Q;

2) with the transitive commutativity property, il it satisfies the following condition:

X(z,y) = X(y, 2)&X(y,2) = X(z,y) = X(z,2) = X(z,2),

where X ¢ Dand z.y, > € Q.
FFor the second order formulae (and the second order languages) sece [2—4]. Let us recall, that a
hyperidentity [5—10] (or ¥(¥)-identity) is a second-order formula of the following form:

VX voaiXm Yoiyee. Tn(w) = wa),
where wy, wy are words (terms) in the alphabet of lunctional variables X, .. . X, and objective variables
Tioe.., &y However hyperidentities are usually presented without universal quantifiers: wy = wy. The

hyperidentity w; = ws is said to be satisfied in the algebra ( i 22) i this equality holds whenever every
object variable x; is replaced by an arbitrary element from Q and every functional variable X is replaced
by an arbitrary operation of the corresponding arity from X. A possibility of such replacement is
supposed, that is

(Xl [ X} CH{IAl| A€ B} = Tigis) = Tis),

where [S|is the arity of S, and T(¢.y, is called the arithmetic type of (Q: ). A T-algebra is an algebra
with arithmetic type 7 C N. A class of algebras is called a class of T-algebras if every algebra in it is a
T-algebra.
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1114 MOVSISYAN, YOLCHYAN

A coidentity [5—10](or (3)V-identity) is a second-order formula of the following form:

ey, 8n VX, X (wr = wy).
A coidentity is usually presented without quantifiers too: w; — wy. The coidentity w) = ws is said
to be satisfied in the algebra (Q; ), if there exist values for object variables zy, ...z, from @, such

that the equality w; = wy holds when every functional variable in it is replaced by any operation of

the corresponding arity from ¥ (a possibility of such replacement is supposed). In addition the object

variables in the notation of the coidentity w) = w» are replaced by corresponding fixed values from Q.
Examples. 1) In any multioperator Q-group the following coidentity is valid:

forall n € Tiqy, where all object variables are replaced by the zero element of the Q-group, [11].

2) (J. von Neumann) Let L(+,-) be a modular lattice and a,b,c € L. The sublattice of L, generated
by the elements a, b, ¢, will be distributive if the following coidentity of leit distributivity

X (a,Y(b,¢)) =Y (X(a,b), X(a,€))
holds in L(+, ).
The algebra (Q: %) is idempotent, if the following hyperidentity of idempotency
X(z,...,z) =z (id)
———

is valid forall n € T} ).5.

The binary algebra (Q:3) is called hyperassociative, if it satisfies the following hyperidentity of
associativity:

X (&Y (9.8)) =P (Xlzq).2). (asy)
The binary algebra (Q : X) s called rectangular, if it satisfies the lollowing hyperidentity of rectangularity:
X(2,:X (4, 8)) =&, (rect)

We say, that

a) the algebra (Q; ) is a rectangular structure of semilattices, if there exist a congruence q of
(Q: X0), such that the corresponding quotient algebra is recta ngular and any operation of ¥ is semilattice
operation on any equivalence class of q;

b) the algebra (@Q; £) is a semilattice structure of rectangular semigroups, if there exist a congruence
q ol (Q: X), such that any operation in the corresponding quotient algebra is a semilattice operation and
any operation of ¥ is rectangular operation on any equivalence class of q (ef.[10, 12]).

The algebra (Q; X2) is called functionally trivial, if the set of its n-ary operations is singleton for any
n € Tigm)-

I1(Q: %) is a functionally non-trivial idempotent algebra with the hyperidentity of associativity (asy ),
then the cardinality |Q| > 4. An example of an idempotent lunctionally non-trivial algebra Q(+. -) with
hyperidentity of associativity (as) ) is given by the Cayley tables of their operations + and - below:

+1234 1234
| T R 1] e O
201214 2(1244
3%333 ALEEE
4@444 404444

Moreover, there exist 24 functionally non-trivial idempotent algebras Q(+,-), |Q| = 4, with the
hyperidentity of associativity (as; ), [8]. Further, the superproduct of two such algebras is an idempotent
algebra with four binary operations, satisfying the hyperidentity of associativity (as;), [9].

The present paper is devoted to the study of structure of idempotent and hyperassociative algebras.
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ON IDEMPOTENT AND HYPERASSOCIATIVE STRUCTURES 1115

2. THE CONGRUENCE #* AND 6
Consider the idempotent and hyperassociative algebra (@Q;£). On the algebra (Q; %) define the
following four relations:

0 = {(z,4) € @ X QIX(z,y) = X(y,2), VX € %},
8" = {(r.ry) €Q x QLX(;U!'Y(y!“C)) e 'LaX(ysX{'ly)) =y, VX € E}:
b = {(z,y) € Q x Q| X(z,y) =y, X(y,x) =2, VX € I},

02 = {(z,y) € @ x Q|X(z,y) =z, X(y,2) =y, VX € I}.

Lemma 1. The relations 0, 04 are equivalence relations.
Proof. According to the definition of the equivalence relation, in order to prove the lemma it is
necessary to verily the following conditions:

1 (;l‘,;L‘)EG,',i:l,Q.
R (;r,y)€6',1=>(y,;r) €6;,i=1,2,
3. (z,y) € 6;&(y,z) € 0; = (x,2) € 0;,i =1,2.

The first and second conditions of equivalence relation follow from the definitions of the relations 6, ..
[t remains to check the third condition.

For i =1, we have, (z,y) €6 = X(z,y) =y&X(y,z) =z, and (y.z) el = X(y.z) =
2 X(z,y) =y

X{y.2)

X(e,2) "2 X (e, X(0,2) 'Y X (X (,0),2) TR X, 2)

e X(z,X(y,x)) (e X(X(z,y)x) e X(y,z) =z = (z,2) € 6.

Fori = 2, we can check the third condition similarly. m]
Lemma 2. The following property is valid:
(z,y) € " = (z, X(z,y)) € O1&(z, X (y,x)) €62, VX e
Proof. We have
(r,y) € 6" = X(z,X(y,2)) = z&X(y, X(2,y)) =y, VX €EX.

=z2&X(z,z) Nz

Yz X)) "2 XY (2 2).0) D X(z), (1)
Y(X(@y)0) 2 X (@ Y)Y X (@ ¥ @0), Y (0.0)
(as1) o = (i) == = ¢
=Y (@, X (Y (y.2), Y (3,2)) 2 V(2,Y(y,2) = . (2)
From (1)and (2)it follows, that (x, X{x,y)) € 8,.
The second part of the assertion we can check similarly. .|
Lemma 3. The Jollowing properties are valid:
(x,y) €0 = (X(z,2), X(z2,9) €61, Vz€Q, VX€D, (3)
(z.y) €0y = (X(x,2). X(y,2)) €63, VzeEQ, VXeX. (4)

Proof. Check the property (3).

We have (z,y) € 6) = X(2,y) = y&X(y,z) =z, forall X € 3. Take z € Q, X,Y € ¥ and show,
that Y (X (z,2), X(z,y)) = X(z,y) and Y (X (z,y), X (z,2)) = X (z,x), which, according to the defini-
tion, means, that (X (z,x), X(z,y)) € 8y;

Y(X(z,2), X(2,9)) ~ "2 ¥(X(z,2), X (2, X (2,9)))

LOBACHEVSKII JOURNAL OF MATHEMATICS  Vol. 40 No.8 2019



1116 MOVSISYAN, YOLCHYAN

(as))

20 Y (X (2,2), X(X(2,2), 1) ) XV (X(z,2), X(2.2)), y)

D X(X(z0).0) D Xz X)) LT X5 p) = ¥ (X (z2), X (29) = X(2,0)

[n the same way, we can check, that Y (X (z,y), X(z,z)) = X(z,x). Thatis (X(z,z), X(z,y)) € 6.
The property (4) can be proved similarly. O

Lemma 4. The jollowing property is valid:

(x,y) € 0%, (5)
(z,y) €0; = S (X(z2,2), X(2,y)) €0*, VzeQ, VXeX, (6)
(X(z,2), X(y,2)) € 8%, YzeQ, YXeX, (7)

wherei=1,2,
Proof. Fori = 1, we have: (z,y) € ) = X(x,y) = y&X(y,z) = x, forall X € .
X(z, X(5,2)) "2 X(2,2) =z, (8)

X(z,
X(.X(2,9) 27 X(yy) = v. (9)
From (8) and (9) it follows, that (x,y) € 0*.

By Lemma 3, we have (X(z,2), X(z,y)) €0, Vz€ Q, VX € &. Therefore, according to (5),
(X(z,2);:X(2,y)) € 0% Vee Q. ¥YX € 5.

We can check (7), using (6) and the hyperidentites (id), (as; ). Fori = 2 the actuality of property we
can check using Lemma 3. o

Lemma 5. The Jollowing property is valid: (x,y) € 0* N0 = 2 = y.
Proof. Let (x.y) € 8* N 6. That means, the following coidentities hold:
L, X3 y)= Xy.z),

2. X(r,X(y,12)) = a,

3. X(y, X(z,y) =v.

e 2 X(e, X(y,2)) L X(z, X(2,3) L X(X(2,2),9) D@ X(z,9)

i - (1) [y ; (asy) -, " 3)
= X(y,2) = X(X(y,9),2) 2 X, X(z.9) Ly=sz=y.

Lemma 6. The following property is valid: (x,y) € 0,&(y, z) € 0y = (z, z) € 6%,
Proof. Let (x,y) € 0,& (y.z) € 6. That means, the following coidentities hold:

. X(z,9) =y,

2. Xy, z) =a

3. X(y,2) =y,

4. X{z,y) = 2.

LOBACHEVSKINJOURNAL OF MATHEMATICS  Vol. 40 No.& 2019



ON IDEMPOTENT AND HYPERASSOCIATIVE STRUCTURES 117

According to the definition, to make sure (x,z) € 8%, il is necessary lo prove that the coidentities
Xz, X(z,2) =, X(z,X(z,2)) =z hold;

X(z, X(2,2)) 2 X(X(w,2), X(,2)) "3 x(g,2) L o= X(z,X(z,2)) = 2,
R (as1) . (4) Lemma3 . (4) -
X(z,X(z,2)) =" X(X(z,72),2) = X(X(z,2),X(z,y)) =  X(z,9) = z=> X(z,X(z,2)).
O
Lemma?7. [[ the relation 0* is (ransitive, then
(z,4) € 6" = (X(z,2), X(z,y) €8 VzeQ, VXe¢ %
(X(z,2), X(y,2)) €0* VzeQ, VXek
Proof. We have
(z,y) €0° = (z, X(z,y)) €01, VX €% (¥(z,2),Y(z, X(z,y))) € 6*
&(Y (z,2), Y (X(z,9),2) €0*;, ¥Yze@, VX,YeX (10)

(@y) €0 Y (o) €0 N (1, X(2,y) €62, VXEX
HE (Y (2,9), Y (2, X (2,9))) € 0°&(Y (3,2), Y (X(2,9),2) € 0", V2€Q, VX,YeZ. (I1)

By (10), (11) and the transitivity of 0* we will get,
(X(2,2), X(2,9)) € 0°&(X(2,2), X(y,2) €6", V2€Q, VXEE.

]
Lemma 8. Consider the [ollowing hyperidentities:
X(z,z) =2, (12)
X(z, Y( z)) = Y(X(z,y), %), (13)
X(Y(z,y),Y(z,2)) = X(Y(z,2),Y(y, 7)), (14)
X(Y(x, )X(~ x)) = X(Y(z,z2), X(y, ), (15)
X(X(x,y),Y(z,2) = X(X(z,2),Y (y,2)). (16)

If the algebra (Q: ) satisfies the hyperidentities (12)—(15). then it satisfies also the hyperiden-
e Bk
X(X(2.9), Y (5,2) 2 X(e, X(3,Y (z,2))) =) X(2,Y(X(y,2),2))
XY (@,2), Y (X (9, 2),0) 2 XV (@, X(y,2)), Y (2,2))
2 X (Y (@ X (g 2)2) 2 X(X(Y(2,y),2),0) ‘2 X(¥(2,), X(2.2))
DX (Ve 2) X (g0) D XXV (2, 2),9).0) B XX (Y (2,2),9), Y (@, 2))
2 XY (2, X (2,9 DY (@0) =

X(@,Y(X(z,9).2) = X(z,X(z,Y(y,2))) ‘:‘

(13)

12)

0

Lemma9. lef (Q;2) is an idempotent, hyperassociative and rectangular algebra. Then the
algebra (Q;X) is functionally trivial. Therefore, (@Q; %) will be anticommutative semigroup.

Proof. Take X,Y € ¥ and x,y € Q. For prove the lemma, enough to show, that X (z,y) = Y (x,y).

X{w, Yilz,y))

(as1)

V(X (2, 2),y)

LOBACHEVSKIIJOURNAL OF MATHEMATICS Vol. 40 No.8 2019
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(as1)

Y (X (2,2), X (v X (2,9)) "2 V(X (2,2), X (X (y,2).9))

W XV (X (e,2), X(3,2),9) L X (X (e, ¥ (2, X (.2))).)
(rect)

“C X (X (, X(¥ (. y) ))wy) =) X(z,y).

On the other hand X (z, Y (z,3)) ‘2" ¥ (X (x, Y(z,y
We get X (z,Y (z,y)) = X(z,y), and X (z, } (.L y) = ¥, y ), therefore X (x.y) = Y (z.,y). i

3. THE STRUCTURE OF IDEMPOTENT AND HYPERASSOCIATIVE ALGEBRAS
Theorem 1. Let (Q; X)) is an idempotent and hyperassociative algebra. Then the relation
0* = {(z,y) €@ x QX (2, X(y,2)) =z, X(y, X(2,9)) =y, VX €Z}

is a congruence defined on the algebra (Q:;X), furthermore, each operation of the corresponding
quotient algebra is semilatiice operation and the equivalence classes are rectangular (and
idempolent) semigroups.

Proof. Show, that the relation §* is congruence, each operation of the quotient algebra of that
congruence is semilattice operation and the equivalence classes are rectangular semigroups.

By the definition of @* and (id), we get the conditions of reflexivity and symmetry of 6*. Let us check
the condition of transitivity:

(.ty) € 9*&(% ) c o lunnuz( ,X(y.w}) €0, VX €EN&
(y. X(x,y)) €62, VX €X&(y,X(y,2)) €61, VX €X&

(. X(z,y)) €02, VX eX.
By this result and the transitivity of equivalence relations 6y, 8, , we get:
(X(y,2), X(y,2)) €61, VX € E&(X(x,y), X(z,4)) €6, VXX
B (Y (5, X (,2)), Y (2, X (3,2) €6, VXY €5k

(X(Y(z,y),2), X(Y(z,9),2)) €0y, VXY EX

B (X(Y(z,9),2),Y (2, X(@,2))) €61, VXY €T

(Y (2, X(g,2)), X (Y (2,9),2)) € 02, ¥YX,Y €%
Lempgapit (Y(z,X(z,2)),Y(z,X(y,x))) € 8.

Now, show, that from the coidentity X (z, X(y,z)) = = implies the coidentity X (x,Y (y,z)) = .
Indeed,

X(&,Y(y,2)) " " L (v (2, Y (y, 2)), ¥ (9, 2))

(a1) Yz, X(Y(y,x), Y(y,z))) (fg) Yz, Vi) ==

Thus, we have, that it follows from the coidentity X (2, X (z,z)) = = to the coidentity X (z, Y (z, 2)) = =,
ie., we get

(¥ (2, X(z,2)),Y (2, X(y,2))) = (z,2) € 0",
that is the transitivity of 6* is proved.
Now, check the fourth condition of the congruence.
Let (x,y) € 0*&(2,t) € 8*. Show (X (z,z), X(y,t)) € 0*, VX € =.

(x,y) € 0°&(z.t) € 0* 87 (X (2.8), X (y.1)) € @' &(X (x,2), X(x,t) €6*, ¥XeX.
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I'rom here, according to the transitivity of 8*, we have
(X(z,2), X(y,t)) €6*, VXX,
i.e. 8" is a congruence.
Consider the quotient algebra (D/6*: £*). Denote the equivalence class by 8%, and the operations of
the quotient algebra define like X* (6%, ;) = 0_’:\.('1_.”). The correctness of this definition follows from the
congruence condition.

Now, show, that each operation of the quotient algebra (Q/6*:X%) is a semilattice operation, i.e.
check the following hyperidentities:

I X*(6%,0%) =62,

i

2. X*(05,82) = X*(6:,6%).

T

Indeed,
(id)

i) =

g:) % ¢

rx e ey def o
X (9‘1'8 ) = 9\( T X(y,x)

&

0 = X*(6,.00) = 02, X°(63,0) Y 63

T VT X(z,y) ‘Y*(B:

.}"

We can show, that 9}( = 9_"\,(!”) using the hyperidentities (id) and (as;).

T,y)

To complete the proof, it remains to show, that for any = € Q, the class @) is an idempotent and
rectangular semigroup.,

Take z,y € 6, X € . According to the definition, 6%, (x,y) € 6*, (x,z) € 0*. By the transitivity of
0* we get

(y,2) €6* = X(2,X(y,2)) = =
Now, show, that, forany = € Q, 8% is closed for all X € %.

Take z,y € 07, X € ¥. We have (y,z) € 8 and (z,2) € 0, therelore, according to the fourth
condition of the congruence, (X(z,y), X (z,z)) € 6, and since X(z,z) = z, then (X(z,y),z) €0, i.e.,
X(z,y) € 0;. Since the algebra (Q; %) is idempotent and hyperassociative, the subalgebra (6%; ) will
be idempotent and hyperassociative, i.e., the subalgebra (6;: %) is an idempotent, hyperassociative,
rectangular subalgebra, and, according to Lemma 9, this algebra is functionally trivial, that is (62; %)
is an idempotent and rectangular semigroup. 0O

Theorem 2. Let (Q:Y) is an idempotent and hyperassociative algebra, with the transitive
commutativity property. Then it salisfies the Jollowing hyperidentity:

¥Y{X(2.2),X(z5)) =¥ (X2, 2).X(5.5)). (ml)
Proof. Consider the relation
6* = {(‘I'.-y) = Q X Q‘){(i‘X(y,.L‘)) = ‘L'r1Y(y'JY(:‘['.‘ y)) =Y, VX € E}v

which, according to Theorem 1, is a congruence. Since X(z,Y(z,Y(y,z))) = X(¥(z,Y(y, z)), ) and
X(z,Y (z,(2,2))) = X(Y(z, Y (2,2)),z), the transitivity of commutativity implies

X(Y(x,Y(y.2)), Y (2,Y(z,2) = X(Y(2,¥(2,2), Y(z, Y (v, 2))). (17)

Since (X (x,y), X(z, X(y,x))) € 8* and (X(z,2), X (2. X(2,2))) € 0", the fourth condition of the
congruence implies

(Y(X(z,9), X(2,2)),Y (X(z, X (y,2)), X (2, X (2,2)))) € 0"
In the same way,

{(X(r,X(z.:r)).‘\’(.z'. 2)) € o,

(X (e, X(y, ), X(y.2)) € 6", (Y(X(z, X (z,2)), X (z, X (y,2))), Y (X(x, z), X(y,x))) € 6*.

According to the transitivity of 8* and (17), we get
(Y (X(2,9), X(2,2)), Y (X (2, 2), X (y.x))) € 6.

LOBACHEVSKIIJOURNAL OF MATHEMATICS Vol 40 No.8 2019
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Thus, since (Y(X(x,y), X(z,z)),xz) € 6 and (z,Y(X(z,z), X (y,2))) € 0, the transitivity of commu-
tativity implies

(Y (X (z,y), X (2,2)), Y (X(z,2). X (y,2))) € 0.

At last, we get (V(X(z,y),X(z.2)).Y (X(z,2), X(y,2))) € 0N 0* “° y(X(2,g), X(z,2)) =
Y(X(z,2), X(y, 2)). 2
Theorem 3. let (Q:X) is an idempotent and hyperassociative algebra with the transitive

commulalivity property satisfying the [ollowing hyperidentity:
¥{Xlz9). X (2,2)) = Y{(X(x,2), ¥ (u,2)). (m2)

Then the relation 8 = {(z,y) € Q x Q| X (z,y) = X(y,z), VX € B} is a congruence such that the
corresponding quotient algebra is a rectangular semigroup, and in each equivalence class any
operation of the set  is a semilattice operation.

Proof. Let 0 = {(z,y) € Q x Q| X (z,y) = X(y,z), VX € £}. Show, that this relation is a congru-
ence on the algebra (Q; ¥1), i.e.,

l. (z,z) €0, Vo €Q,

2. (x,y) €0 = (y,z) €0,

3. (z,y) € 0&(y,2) €0 = (z,2) €0,

4. (z,y) € 0&(z,t) € 0= (X(x,2), X(y, 1)) €0, VX € 5.

The definition 8 and transitivity of commutativity imply the conditions (1), (2), (3). It remains to check
the condition (4).

According to Theorem 2, the algebra (Q; ) satisfies the hyperidentity (m1). Note, that, ac-
cording to Lemma 8, the algebra (Q:X) satisfies the following hyperidentity X (X (x,y),Y (z,2)) =
X(X(x,2),Y(y,x)), which we will denote by (m3).

We can check the condition (4) using the hyperidentities (as; ), (id), (m1), (m2) and (m3). Therefore
f is a congruence.

Now. show, that the quotient algebra (Q/8:%/6) is a rectangular algebra, and in each equivalence
class each operation from the set ¥ is a semilattice operation. Indeed,

‘\'*(ar- X*(QU:G.E}) = ‘Y*(H:Eeg.\’(y‘:r}) - G.Y(.?;‘.Y(-y.;t'\,)- VXT € 2/9
Sh()\f\', that 9_\'(_1‘._\'(;1__)_‘” = 9, Take Y € ,
¥{X(z, X(y,2)),x) = X, Y (X (y,x),2)) = X(%, X(y,Y{(z,2)))
== ‘Y(;L'r ‘X(y~ .I')) = }((}"(‘C- "l) ‘Y(y: “[‘)) - Y(;C, ‘Y(;E- X(y"‘())) = G,Y(:E‘V\r[y.:r)) = b.

Therefore (Q/0:%/0) is a rectangular algebra. It is easy to check, that the quotient algebra (Q/0;%/6)
satislies the hyperidentities (id) and (as;).

Since (Q/8;%/6) is idempotent, hyperassociative and rectangular, then according to Lemma 9, it
is an idempotent and rectangular semigroup. Show, that each equivalence class is closed under each
operation from the set 33

Take 0, € Q/6, X € ¥ and y, z € 6,. We have (y,z) € 6 and (z,z) € 0, therefore, according to the
fourth condition of the congruence, (X (z,y), X (z,z)) € 6, and since X (i, ) = z, then (X(z,y),7) €
B.ie, X(z,y) € 0;.

Now we take 8, € Q/0 and y,z € 6,. We have y € 0,&z € 0, = (w.y) € 0&(x, 2) € 0, therefore,
according o the transitivity of commutativity, (y,2) € 8 = X(y,2) = X(z,y), VX € &, i.e., each
equivalence class is closed under each operation from the set . O

Theorem 4. Lel (Q; %) is an idempotent and hyperassociative algebra. Then, if there exists on
(Q:X) such a congruence, that corresponding quotient algebra is a rectangular semigroup and
operations of the set are semilaltice operations on each equivalence class, then (Q; ) satisfies
the transitive commutativity property.
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Proof. let there exist such a congruence 6 on the algebra (Q;3), that the quotient algebra
(Q/6:£/8) is a rectangular semigroup, and on each equivalence class the operations from the set &
are semilattice operations, where

Q[0 = {6,106, = {y Ql(x,y) € 01},

£/8 = {X*|X*(02,0,) F 0k py}l,  X*(82,0,) =6,08,, VX 5.
We have
Or0(fyo0b;) =0, X(y,2)=X(z,y), Vb€ Q/0, Yy,z€6, VYXeX.
Let X(z,y) = X(y,2)&X (y, 2) = X(2,y). Prove X(z,z) = X(z,2). Indeed,

X(z,y)=X(y,x)

0000y =Ox(ey) = " Ox(ya) =0y 00 = 0,00, =0,00, g _g

[n the same way, we can get, that 6, = 6., therefore 6, = 0.. Since each operation from the set ¥ on the

equivalence classes is a semilattice operation, it is also commutative, so X(z,2) = X(z2,z). O
Note, that the results of Theorem 3 and Theorem 4 were proved in the paper [12] for the semigroups

case (see also [ 13, 10]).
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